ABSTRACT. In this paper we prove an isoperimetric inequality for holomorphic functions in the unit polydisc U n . As a corollary we derive an inclusion relation between weighted Bergman and Hardy spaces of holomorphic functions in the polydisc which generalizes the classical Hardy-Littlewood relation H p ⊆ A 2p . Also, we extend some results due to Burbea.
INTRODUCTION AND STATEMENT OF THE RESULT
1.1. Notations. For an integer n ≥ 1 we consider the n-dimensional complex vector space C n with the usual inner product z, ζ = n j=1 z j ζ j , z, ζ ∈ C n and norm z = z, z 1 2 , where z = (z 1 , . . . , z n ), ζ = (ζ 1 , . . . , ζ n ), U is the open unit disc in the complex plane C, T is its boundary, and U n and T n stand for the unit polydisc and its distinguished boundary, respectively.
Following the classical book of Rudin [31] , let us recall some basic facts from the theory of Hardy spaces H p (U n ) on the unit polydisc. Let p > 0 be an arbitrary real (in the sequel the letter p, with or without index, will stand for a positive real number, if we do not make restrictions). By dm n we denote the Haar measure on the distinguished boundary T n , i.e., dm n (ω) = 1 (2π) n dθ 1 . . . dθ n , ω = (e iθ 1 , . . . , e iθn ) ∈ T n .
A holomorphic function f in the polydisc U n belongs to the Hardy space H p (U n ) if it satisfies the growth condition
It turns out that if f ∈ H p (U n ), then there exists
f (rω) = f (ω) a.e. on T n and the boundary function belongs to L p (T n , m n ), the Lebesgue space of all pintegrable functions on T n (with respect to the measure m n ). Moreover
For q > −1 let dµ q (z) = (q + 1)
stand for a weighted normalized measure on the disc U. We will consider also the corresponding measure on the polydisc U n ,
where q > −1 is an n-multiindex; the inequality q 1 > q 2 between two nmultiindices means q 1,k > q 2,k , k = 1, . . . , n; we denote the n-multiindex (m, . . . , m) by m. For a real number m, m > 1, we have
The weighted Bergman spaces A p q (U n ), p > 0, q > −1 contain the holomorphic functions f in the polydisc U n such that
Since dµ 0 is the area measure on the complex plane normalized on the unit disc,
, respectively, if p ≥ 1, and quasi-norms for 0 < p < 1; for simplicity, we sometimes write · p and · p,q . As usual, H p (U) and A p q (U) are denoted by
Let us point out that the Hardy space H 2 (U n ) is a Hilbert space with the reproducing kernel
For the theory of reproducing kernels we refer to [1] .
Short background.
The solution to the isoperimetric problem is usually expressed in the form of an inequality that relates the length L of a closed curve and the area A of the planar region that it encloses. The isoperimetric inequality states that 4πA ≤ L 2 ,
and that equality holds if and only if the curve is a circle. Dozens of proofs of the isoperimetric inequality have been proposed. More than one approach can be found in the expository papers by Osserman [26] , Gamelin and Khavinson [10] and Bläsjö [6] along with a brief history of the problem. For a survey of some known generalizations to higher dimensions and the list of some open problems, we refer to the paper by Bénéteau and Khavinson [3] . In [7] , Carleman gave a beautiful proof of the isoperimetric inequality in the plane, reducing it to an inequality for holomorphic functions in the unit disc. Following Carleman's result, Aronszajn in [1] showed that if f 1 and f 2 are holomorphic functions in a simply connected domain Ω with analytic boundary ∂Ω, such that
In 
where Ω is a simply connected domain with analytic boundary ∂Ω, then
with equality if and only if either f 1 f 2 ≡ 0 or if for some C j = 0,
where ψ is a conformal mapping of the domain Ω onto the disc U. By using a similar approach as Carleman, Strebel in his book [33, Theorem 19.9 , pp. 96-98] (see also the papers [21] and [34] 
with equality if and only if for some constants ζ, |ζ| < 1 and λ,
where m ≥ 2 is an integer. The equality is attained in the same case as in the relation (1.5). The inequality (1.6) can be rewritten as
which is a generalization of the inclusion H p ⊆ A 2p , proved by Hardy and Littlewood in [12] . On the other hand, Pavlović and Dostanić showed in [28] that if B n is the unit ball in C n , ∂B n its boundary, and σ n is the normalized surface area measure on the sphere ∂B n , then
They pointed out that this inequality coincides with (1.6) for m = n, p = 2 and
that is if f actually depends only on one complex variable.
For an isoperimetric inequality for harmonic functions we refer to [16] .
Statement of the result.
In the sequel, m stands for an integer ≥ 2. The starting point of this paper is the work of Burbea [5] who obtained the following isoperimetric inequalities concerning the unit disc and the unit polydisc.
Equality holds if and only if either some of the functions are identically equal to zero or if for some point ζ ∈ U and constants
Equality holds if and only if either some of the functions are identically equal to zero or if for some point ζ ∈ U n and constants C j = 0,
where K n is the reproducing kernel (1.2). Proposition 1.2 is a particular case of Theorem 4.1 in the Burbea paper [5, p. 257] . That theorem was derived from more general considerations involving the theory of reproducing kernels (see also [4] ). The inequality in that theorem is between Bergman type norms, while Proposition 1.2 is the case with the Hardy norm on the right side (in that case, we have an isoperimetric inequality). In the next main theorem we extend (1.7) for holomorphic functions which belong to general Hardy spaces on the polydisc U n .
Equality occurs if and only if either some of the functions are identically equal to zero or if for some point ζ ∈ U n and constants C j = 0,
Notice that in higher complex dimensions there is no analog of the Blaschke product so we cannot deduce Theorem 1.3 directly from Proposition 1.2 as we can for n = 1 (this is a usual approach in the theory of H p spaces; see also [5] ). We will prove the main theorem in the case n = 2 since for n > 2 our method needs only a technical adaptation. As immediate consequences of Theorem 1.3, we have the next two corollaries.
Equality occurs if and only if for some point ζ ∈ U n and constant λ,
In other words we have the sharp inequality
and the inclusion
Thus, when p ≥ 1, the inclusion map I p,m :
PROOF OF THE MAIN THEOREM
Following Beckenbach and Radó [2] , we say that a non-negative function u is logarithmically subharmonic in a plane domain Ω if u ≡ 0 or if log u is subharmonic in Ω.
Our first step is to extend the Burbea inequality (1.7) to functions which belong to the spaces h p P L defined in the following sense: u ∈ h p P L if it is logarithmically subharmonic and satisfies the growth property
It is known that a function from these spaces has a radial limit in e iθ ∈ T for almost all θ ∈ [0, 2π]. Let us denote this limit (when it exists) as u(e iθ
For an exposition of the topic of spaces of logarithmically subharmonic functions which satisfy (2.1), we refer to the book of Privalov [29] .
Lemma 2.1. Let u j ∈ h p j P L , j = 1, . . . , m, be logarithmically subharmonic functions in the unit disc. Then
For continuous functions, equality holds if and only if either some of the functions are identically equal to zero or if for some point ζ ∈ U and constants λ j > 0,
Proof. Suppose that no one of the functions u j , j = 1, . . . , m is identically equal to zero. Then log u j (e iθ ) is integrable on the segment [0, 2π] and there exist f j ∈ H p j such that u j (z) ≤ |f j (z)|, z ∈ U and u j (e iθ ) = |f j (e iθ )|, θ ∈ [0, 2π]. Namely, for f j we can choose
Since log u j is subharmonic we have
where P (z, e iθ ) =
1−|z| 2
|z−e iθ | 2 is the Poisson kernel for the disc U. From this it follows the u j (z) ≤ |f j (z)|, z ∈ U. Moreover, using the Jensen inequality (for the concave function log) we obtain
we can take f j , j = 1, . . . , m, and use the previous relations, u j (z) ≤ |f j (z)|, z ∈ U and u j (e iθ ) = |f j (e iθ )|, θ ∈ [0, 2π], to derive the inequality (2.2).
If all of the functions u j , j = 1, . . . , m are continuous (not equal to zero identically) and if the equality in (2.2) occurs, then u j (z) = |f j (z)|, z ∈ U, j = 1, . . . , m. According to the equality in the Proposition 1.1, we must have f j = C j K 2 p j 1 (·, ζ), j = 1, . . . , m, for some point ζ ∈ U and constants C j = 0. Thus, for continuous functions (not equal to zero identically) equality holds if and only
We need the next two propositions concerning (logarithmically) subharmonic functions. For the proofs of these propositions see the first paragraph of the book of Ronkin [30] . Proposition 2.2. Let f be an upper semi-continuous function on a product Ω × ∆ of domains Ω ⊆ R n and ∆ ⊆ R k . Let µ be a positive measure on ∆ and E ⊆ ∆ be such that µ(E) < ∞. Then y) is (logarithmically) subharmonic for all (almost all with respect to the measure µ) y ∈ Ω. Proposition 2.3. Let A be an index set and {u α , α ∈ A} a family of (logarithmically) subharmonic functions in a domain Ω ⊆ R n . Then
is (logarithmically) subharmonic if it is upper semi-continuous in the domain Ω.
Also, we need the next theorem due to Vitali (see [11] ).
Theorem 2.4 (Vitali)
. Let X be a measurable space with finite measure µ, and let h n : X → C be a sequence of functions that are uniformly integrable, i.e., such that for every ǫ > 0 there exists δ > 0, independent of n, satisfying
In particular, if sup n X |h n |dµ < ∞, then the previous condition holds.
is continuous. Moreover, φ is logarithmically subharmonic and belongs to the space h 1 P L . Proof. For 0 ≤ r < 1, let us denote
According to Proposition 2.2, φ r is logarithmically subharmonic in the unit disc, since z → |f (z, re iη )| p are logarithmically subharmonic for η ∈ [0, 2π]. Since for all z ∈ U we have φ r (z) → φ(z), monotone as r → 1, it follows that φ(z) = sup 0≤r<1 φ r (z). Thus, we have only to prove (by Proposition 2.3) that φ is continuous.
First of all we have
for some positive constant C p . Namely, according to the theorem of Hardy and Littlewood (see [12] , Theorem 27 or [8] , Theorem 5.9) applied to the one variable function f (·, w) with w fixed, we obtain
for some C p > 0. Using the above inequality and the monotone convergence theorem, we derive
and (2.3) follows. The inequality (2.3) implies that the family of integrals
is uniformly bounded on compact subsets of the unit disc. Since z → |f (z, e iη )| p is continuous for almost all η ∈ [0, 2π], as a module of a holomorphic function (according to [36] , Theorem XVII 5.16) it follows that φ(z), z ∈ U is continuous. Indeed, let z 0 ∈ U and let (z k ) k≥1 be a sequence in the unit disc such that z k → z 0 , k → ∞. According to the Vitali theorem we have
We now prove the main Theorem 1.3.
Proof. Let f j ∈ H p j (U 2 ), j = 1, . . . , m be holomorphic functions in the polydisc U 2 . Using the Fubini theorem, Proposition 1.1, and Lemma 2.1, we obtain
since the functions φ j (z) := 2π 0 |f j (z, e iη )| p j dη 2π are logarithmically subharmonic in the disc U and since φ j ∈ h 1 P L , j = 1, . . . , m, by Lemma 2.5. We now determine when the equalities hold in the above inequalities. Obviously, if some of functions f j , j = 1, . . . , m are identically equal to zero, we have equalities everywhere. Suppose this is not the case. We will first prove that f j , j = 1 . . . , m do not vanish in the polydisc U 2 .
Since for j = 1, . . . , m we have φ j ≡ 0, the equality obtains in the second inequality if and only if for some point ζ ′′ ∈ U and λ j > 0 we have φ j = λ j |K 1 (·, ζ ′′ )| 2 , j = 1, . . . , m. Thus, φ j is free of zeroes in the unit disc. Let
The function ψ is continuous; we can prove the continuity of ψ in a similar fashion as for φ j , observing that ψ(z), z ∈ U is uniformly bounded on compact subsets of the unit disc, which follows from the inequality ψ(z) ≤ m j=1 φ j (z) since the φ j , j = 1, . . . , m satisfy this property. Because of continuity, the equality in the first inequality, that is,
holds (by Proposition 1.1) only if for all z ∈ U and some ζ ′ (z) ∈ U and C j (z) = 0,
Since φ(z) = 0, z ∈ U, it is not possible that f j (z, ·) ≡ 0 for some j and z. Thus, if equality holds in (1.9), then f j does not vanish, f j (z, w) = 0, (z, w) ∈ U 2 , and we can obtain some branches f Remark 2.6. The generalized polydisc is a product Ω n = n k=1 Ω k ⊂ C n , where Ω k , k = 1, . . . , n are simply connected domains in the complex plane with rectifiable boundaries. Let ∂Ω n := n k=1 ∂Ω k be its distinguished boundary and let φ k : Ω k → U, k = 1, . . . , n be conformal mappings. Then
is a bi-holomorphic mapping of Ω n onto U n .
There are two standard generalizations of Hardy spaces on a hyperbolic simple connected plain domain Ω. One is immediate, by using harmonic majorants, denoted by H p (Ω). The second is due to Smirnov, usually denoted by E p (Ω). The definitions can be found in the tenth chapter of the book of Duren [8] . These generalizations coincide if and only if the conformal mapping of Ω onto the unit disc is a bi-Lipschitz mapping (by [8, Theorem 10.2] ); for example this occurs if the boundary is C 1 with Dini-continuous normal (Warschawski's theorem, see [35] ). The previous can be adapted for generalized polydiscs (see the paper of Kalaj [15] ). In particular, H p (Ω n ) = E p (Ω n ) and · H p = · E p , if the distinguished boundary ∂Ω n is sufficiently smooth, which means ∂Ω k , k = 1, . . . , n are sufficiently smooth. Thus, in the case of sufficiently smooth boundary, we may write
where the integration is carried over the non-tangential (distinguished) boundary values of f ∈ H p (Ω n ). By Bremerman's theorem (see [9, Theorem 4.8, pp. 91-93], E 2 (Ω n ) is a Hilbert space with the reproducing kernel given by (2.4) K Ω n (z, ζ) := K n (Φ(z), Φ(ζ))
, z, ζ ∈ Ω n where K n is the reproducing kernel for H 2 (U n ); K Ω n does not depend on the particular Φ.
For the next theorem we need the following assertion. The sum ϕ 1 + ϕ 2 is a logarithmically subharmonic function in Ω provided ϕ 1 and ϕ 2 are logarithmically subharmonic in Ω (see e.g. [13, Corollary 1.6.8], or just apply Proposition 2.2 for a discrete measure µ). By applying this assertion to the logarithmically subharmonic functions ϕ k (z) = |f k (z)| 2 , z ∈ Ω, k = 1, . . . , l, where f = (f 1 , . . . , f l ) is a C l -valued holomorphic function, and the principle of mathematical induction, we obtain that the function ϕ defined by ϕ(z) := f (z) = , z ∈ Ω is logarithmically subharmonic in Ω (obviously, the positive exponent of a logarithmically subharmonic function is also logarithmically subharmonic). Theorem 1.3 in combination with the same approach as in [5] and [15] leads to the following sharp inequality for vector-valued holomorphic functions which generalizes Theorem 3.5 in [5, p. 256] ; by vector-valued we mean C l -valued for some integer l. We allow vector-valued holomorphic functions to belong to the spaces H p (Ω n ) if they satisfy the growth condition (1.1) with · instead of | · |.
Let V n be the volume measure in the space C n and
be the Poincaré metric on the generalized polydisc Ω n (the right side does not depend on the mapping Φ).
